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I I, Personnel 
I 
I I 

I 

The t echn ica l  personnel c u r r e n t l y  being p a r t i a l l y  supported 

by t h e  research  g ran t  are as follows: 
I 

1, W i l l i a m  G .  Vogt, P r inc ipa l  Inves t iga tor  - 1 / 2  t i m e  

2. Charles  G .  Krueger, S c i e n t i f i c  Inves t iga to r  - 1/4 t i m e  

3, Cabe R, h i s ,  Graduate Student Ass is tan t  - f u l l  t i m e  

I n  a d d i t i o n  s e v e r a l  graduate  s tudents  p re sen t ly  studying under 
I 

I 

D r s ,  Krueger o r  Vogt have expressed an i n t e r e s t  i n  t he  genera l  area 

but  are no t  supported by t h e  g ran t ,  
I 

The main problem with s t a f f i n g  t h e  research  g ran t  w a s  t h a t  
I 

t h e  announcement of NASA support  f o r  t he  research came a t  a t i m e  when 

most graduate  s tuden t s  had a l ready  committed themselves t o  s tudy both 

a t  the  Univers i ty  of P i t t sburgh  and a t  i n s t i t u t i o n s  ac ross  t h e  country,  

~ 

i 
This ,  along wi th  t h e  f a c t  t h a t  a background i n  func t iona l  a n a l y s t s  is  

requi red  f o r  t h i s  research,  made the  enlistment of w e l l  q u a l i f i e d  

graduate  s tuden t s  q u i t e  d i f f i c u l t ,  As support f o r  t h i s  research  i s  

continued, t h i s  problem w i l l  be taken care o f .  Since Mr, Cabe R. Buis, 

t h e  one graduate  s tudent  w e  d i d  succeed i n  obta in ing ,  has  an exce l l en t  

background and a consuming i n t e r e s t  i n  the  research ,  w e  expect some 

major con t r ibu t ions  from him i n  t h i s  area. 

T I .  Research Accomplished 

The main research e f f o r t  has been i n  examining the  t echn ica l  

l i t e r a t u r e  t o  determine t h e  present  s t a t u s  of r e s u l t s  i n  th ree  areas: 
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A, 

B. 

C. 

General P rope r t i e s  of Solut ions t o  P a r t i a l  D i f f e r e n t i a l  

Equations; 

Resul t s  on S t a b i l i t y  of Solutions t o  P a r t i a l  D i f f e r e n t i a l  

Eq ua t ions ; 

Poss ib le  Techniques f o r  Studying S t a b i l i t y  of: Solut ions 

t o  Par t ia l  D i f f e r e n t i a l  Equations. 

A complete r epor t  on the  b ib l iographica l  survey w i l l  be prepared 

when t h i s  search is completed. 

l i s t e d  below. 

Preliminary r e s u l t s  and conclusions are 

A, General P rope r t i e s  of Solut ions t o  P a r t i a l  D i f f e r e n t i a l  Equations. 

The genera l  problem of f ind ing  condi t ions which assure the  

ex is tence ,  uniqueness, and cont inui ty  of so lu t ions  t o  p a r t i a l  d i f f e r e n t i a l  

ecuat ions has been recognized by phys ic i s t s  and mathematicians ever  

s i n c e  p a r t i a l  d i f f e r e n t i a l  equations have been s tudied.  Tf so lu t ions  

e x i s t ,  are unique, and are continuous both w i t h  respec t  t o  the  i n i t i a l  

condi t ions  and t i m e ,  they a r e  sa id  t o  be " w e l l  set" o r  "we11  posed" 

problems, 

The c l a s s i c a l  approach t o  t h i s  problem o f t e n  cons is ted  of 

f ind ing  a so lu t ion  t o  a p a r t i c u l a r  problem f o r  a s u f f f c i e n t l y  sma31 

i n t e r v a l  of t i m e  and examininR the  proper t ies  of t h i s  so lu t ion  t o  

determine if t h e  problem is w e l l  posed. 

usefu l  l o c a l  r e s u l t s ,  l i t t l e  could be determined about global proper t ies .  

While t h i s  approach yielded 
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The func t iona l  ana lys i s  approach, v f r t u a l l y  a revolu t ion  i n  

thinking about these  problems, has only recent ly  yielded results on 

the  g loba l  p rope r t i e s  of so lu t ions  [ l I 0  Further extensions t o  these  

earlier r e s u l t s  have been made [2-41, 

In  s t a b i l i t y  s tud ie s ,  these  g loba l  r e s u l t s  are of paramount 

importance f o r  any rigouous ana lys f s  of such p roh lems  because of 

the f a c t  t h a t  so lu t ions  must be character ized over t he  e n t i r e  i n t e r v a l  

of t i m e  o t < and not  j u s t  fo r  some s u f f i c i e n t l y  small  i n t e r v a l  of 

t i m e  o ( t  - -  T, 

s u f f i c i e n t  condi t ions  t o  a s su re  g loba l  behavior of solutions using the  

concept of Lyapunov Functional,  a n d x e  present ly  working on t h i s  

problem, 

The inves t iga to r s  now think i t  poss ib l e  to obta in  

B, R e s u l t s  on S t a b i l i t y  of Solut ions t o  P a r t i a l  D i f f e r e n t i a l  Equations. 

The l i t e r a t u r e  search so far has revealed cha t ,  except For a 

very few i s o l a t e d  ins tances ,  s t a b i l i t y  s tud ies  of so lu t ions  t o  p a r t i a l  

d i f f e r e n t i a l  equat ions have consis ted of eigenfunction expansions of 

so lu t ions  f o r  p a r t i c u l a r  problems assuming a p r i o r i  t h a t  such so lu t ions  

e x i s t ,  are unique, and have the  required cont inui ty  p r o p e r t i e s  f o r  all .  

time o - < t < 

for seve ra l  p a r t i c u l a r  problems, have succeeded i n  obtaining the  same 

condi t ions  f o r  s t a b i l i t y ,  using the  Lyapunov func t fona l  approach, 

these condi t ions  a r e  obtained by very simple formal opera t ions  not  re- 

quir ing knowledge of the  so lu t ions  themselves, 

With the  same a p r i o r i  assumption t h e  inves t iga to r s ,  

Usually 
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The inves t iga t ion  w i l l  continue as the  l i t e r a t u r e  search  progresses.  

However, because the  v a l i d i t y  of these  formal opera t ions  on Lyapunov 

func t iona l s  is i n t r i n s i c a l l y  dependent on t h e  r:lobal p rope r t i e s  of so lu t ions  

mentioned above, mathematically riRouous appl ica t ions  t o  phys ica l  problems 

must await some of these  expected r e s u l t s .  

C. Poss ib le  Techniques f o r  Studvina S t a b i l i t y  

Some of the poss ib l e  techniques f o r  studying s t a b i l i t v  a re :  

(1) Examination of so lu t ions  o r  approximate so lu t ions ;  

(2)  Lyapunov Functionals;  

(3) Plonotone Mappings; 

(4) Fixed Point  Theorems i n  Banach Spaces. 

A s  mentioned previously,  (1) above has been o f t e n  used i n  the  p a s t ,  

but  r igorous j u s t i f i c a t i o n  f o r  t h i s  approach is somewhat lackin? and 

o f t en  the  approach is very d i f f i c u l t  i f  possible  a t  a l l .  

The Lyapunov func t iona l  approach ( 2 )  appears a t  present  t o  

have the  most promise but  is severe ly  handicapped by the  necess i ty  for 

so lu t ions  having smoothness p rope r t i e s  beyond those usua l ly  required 

on s o l u t i o n s  i n  the  ordinary sense.  Additionally,  compactness o f  

certain func t ion  spaces is gene ra l ly  required f o r  a success fu l  app l i ca t ion  

of t h i s  method, 

s impl i c i ty  of t he  formal app l i ca t ion  of the method t o  physical  problems. 

A t  p resent  it would appear t h a t  the  Lyapunov Funct ional  Approach w i l l  

be most u se fu l  even though i t  has some ser ious  drawbacks. 

However, the  method's usefu l lness  is enhanced by t h e  
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The concepts of Lyapunov func t iona l  (2) and monotone mappings 

i n  Banach spaces (3) as used by Browder [4-51 appear t o  be in t imate ly  

r e l a t ed .  

I 

Browder has  charac te r ized  a class of mappings i n  Banach 

spaces which i n  many respects i s  similar t o  g rad ien t s  of Lyapunov 

func t iona ls .  From a mathematical point  of view, these mappinfis appear 

I 
I t o  be more n a t u r a l  t o  s t a b i l i t y  s t u d i e s  i n h n c t i o n  spaces. Research 

on t h i s  i n t e r r e l a t i o n s h i p  w i l l  be continued, e spec ia l ly  as appl ied t o  

the  class of p a r t i a l  d i f f e r e n t j a l  equations considered by Lions and 

St rauss  [21. 

I 

The motion of f ixed  poin t  theorems on Banach Spaces (4) can be 

I 
I 

used t o  cha rac t e r i ze  a motion F(x , t )  defined i n  a Banach Space which as  

t -t m approximates a per iodic  motion. An i n i t i a l  success  along t h i s  

l i n e  was achieved by Jones [6], who considered the  ex is tence  of pe r iod tc  

so lu t ions  of func t iona l  d i f f e r e n t i a l  equations whose c o e f f i c i e n t s  a r e  

opera tors  def ined on f i n i t e  dimensional Euclidean spaces,  It is poss ib l e  

t o  extend these  ideas  t o  equations of he type s tudied  by Lions and 

St rauss  [ 2 ]  and a l s o  considering the  case  where a so lu t ion  considered 

as a motion i n  Banach Space i s  asymptotic t o  an almost per iodic  motion. 

I 

111. Future Direct ion of Research 

The b ib l iog raph ica l  search w i l l  continue as before.  Its cam- 

p l e t i o n  is being delayed by the  i n a c c e s s i b i l i t y  of some fore ign  sources.  

A r epor t  on t h i s  search w i l l  be prepared i n  the  coming months. 
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The l i t e r a t u r e  survey has shown t h a t  the  main obs tac le  i n  

extending Lyapunov's Second Method t o  p a r t i a l  d i f r c  v l .  1. ' ,qiarionb it; 

t h a t  f o r  most problems i n  p a r t i a l  d i f f e r e n t i a l  *cj*:a: tons: the quest ion 

of being well-posed is i n  doubt, The outstanding problem i n  t h f s  

research  is thus  t o  obta in  condi t ions,  which assure  the ex is tence ,  

uniqueness and con t inuab i l i t y  of s o l u t i o n s  t o  partial d i f f e r e n t i a l  

equat ions i n  t h e  t i m e  i n t e r v a l  o - a t < 

problem appears  poss ib l e  and research w i l l  be continued i n  t h i s  d i r e c t i o n -  

In  t h i s  research  s p e c i a l  emphasis w i l l  be placed on applying Lyapunov 

func t iona l s  t o  achieve the  s t a t e d  r e s u l t s ,  

A par t fa l .  so lu t ion  t o  t h f s  

Research on the  app l i ca t ion  of Lyapunov func t iona ls  f o r  obtaining 

condi t ions  t o  assure the  s t a b i l i t y  of t he  so lu t ions  of s p e c i f i c  par t ia l .  

d i f f e r e n t i a l  equat ions w i l l  be continued,, This, of course,  includes 

nonl inear  p a r t i a l  d i f f e r e n t i a l  equations,  However the  v a l i d i t y  of these  

app l i ca t ions  w i l l  t o  some exten t  depend on the research  above, 

The r e l a t i o n  between Browder's monotone opera tors  and Lyapunov 

func t iona l s  w i l l  be f u r t h e r  explored wi th  t h e  hope t h a t  some of t h e  s t r i n g e n t  

condi t ions  on so lu t ions  t o  p a r t i a l  d i f f e r e n t i a l  equatfons imposed by t he  

Lyapunov func t iona l  approach w i l l  be awakened. 

Jones' work [6] w i l l  be extended t o  inelude c e r t a i n  classes 

of p a r t i a l  d i f f e r e n t i a l  equations,  

Addit ional  approaches t o  the  s t a b i l i t y  problems w i l l  be explored 

as they occurc 
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I V ,  Problems 

The main problem f n  the  

research  area i t s e l f ,  as i s  ind 

research i s  the 

cated i n  t h e  or  

dff  f i c u l t y  of the  

g i n a l  research  proposa L. 

Not only are genera l  r e s u l t s  charac te r fz ing  so lu t ions  t o  p a r t i a l  d i f f e r -  

e n t i a l  equat ions sparse ,  but even these  results are based on soph i s t i ca t ed  

mathematical concepts no t  usua l ly  s tud ied  by engineers  o r  phys ic i s t s .  Lf 

such concepts as general ized so lu t ions  are employed i n  t h e  development of 

Lyapunov func t iona l8  t o  obta in  s t a b i l i t y  condi t ions,  many ques t ions  must 

be r a i sed  and answered concerning the  a p p l i c a b i l i t y  of these  condi t ione 

t o  ordinary so lu t ions ,  To assure  a genera l  acceptance among engineers ,  

a genera l  theory must be developed along the l i n e s  of t h a t  f o r  ordinary 

d i f f e r e n t i a l  equat ions,  with which most engineers a r e  acquainted, 
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